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ABSTRACT
We present an analysis of the role of global topology
on the structural stability of folded proteins in thermal
equilibrium with a heat bath. For a large class of sin-
gle domain proteins, we computed the harmonic spectrum
within the Gaussian Network Model (GNM) and deter-
mined the spectral dimension, a parameter controlling the
low frequency behaviour of the density of modes. We find
a surprisingly strong correlation between the spectral di-
mension and the number of amino acids of the protein.
Considering that the larger the spectral dimension, the
more topologically compact is the folded state, our results
indicate that native folds correspond to the less compact
structures compatible with thermodynamic stability.
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1 INTRODUCTION

During the folding, a protein evolves from an almost lin-
ear structure into final conformation (native state) whose
geometrical shape is crucial to the function of the protein
itself. Only after the native state is reached without mis-
takes, a protein becomes active and starts performing its
specific biological activity. Besides the biological func-
tions, native state geometry is a key-factor also for the
overall folding process [1, 2, 3, 4]. For this reason a great
amount of literature has been devoted to the study of the
theoretical aspects characterizing the complex networks
of interactions between amino acids in folded proteins [5].

For instance, graph theory have been successfully applied
to identify flexible and rigid regions of folded conforma-
tions [6].

However, the problem of the geometrical arrangement
of proteins in their native conformation cannot be re-
garded as purely static issue. Indeed, a massive accumula-
tion of experimental data collected from X-ray, NMR and
neutron spectroscopy, has revealed that native states are
rather dynamical structures where amino acids constantly
undergo rearrangements around their equilibrium posi-
tions. This dynamics, crucially involved in protein func-
tions [7, 8], is usually examined through normal modes
analysis (NMA) [9]. However, the study of collective
motions of large size proteins is generally computation-
ally expensive for realistic all-atoms Normal Mode simu-
lations [10] and simplified or approximate approaches are
usually welcome. Tirion [11] first proposed the possibil-
ity to replace, in protein normal mode computations, com-
plicated empirical potentials by harmonic pairwise inter-
actions depending on a single parameter. The approach
stems from the observation that low-frequency dynamics
is generally insensitive to the finer details of atomic in-
teractions. The success of simple harmonic models in
the study of slow vibrational dynamics of large biolog-
ical macromolecules has been proved in several works
[12, 13, 14] and they are considered as a viable alterna-
tive to heavy and time-consuming all-atoms NMA. We
apply one of these harmonic models, the Gaussian Net-
work Model (GNM) [15] to study the thermal instability
of proteins and investigate how it is affected by the global
topology of native state. Vibrational thermal instability is
a well-known issue in solid state physics. Since the first



classical work by Peierls [16], it has been recognized that
the equilibrium with a thermal bath can dramatically in-
fluence the allowed topological arrangement of large ge-
ometrical structures. The consequence of Peierls insta-
bility has concerned up to now low-dimensional crystals:
for one and two-dimensional lattices the mean square dis-
placement of a single atom at finite temperature diverges
in the thermodynamic limit, i.e. with increasing num-
ber of atoms. When such a displacement exceeds the
lattice spacing, the topological arrangement of the lat-
tice becomes unstable and the crystal melts. For struc-
tures formed by a finite number of units Peierls’ insta-
bility sets a maximal size, which is negligible for one-
dimensional lattices and typically mesoscopic for two-
dimensional ones.

However, thermal instability applies not only to crystals
but also to structurally inhomogeneous systems, such as,
glasses, fractals, polymers and proteins where the prob-
lem is much more complex. In particular, we extend the
Peierls’ arguments to the thermal stability of proteins and
we will predict the existence of a critical stability size de-
pending on a global topological parameter (the spectral
dimension) and compare our predictions with experimen-
tal data [17].

2 Peierls’ Instability for Proteins

In a recent paper [18] we have generalized the Peierls’
result, showing that a thermodynamic instability appears
also in inhomogeneous structures and it is characterized
by the spectral dimension

��
. The parameter

��
is defined

according to the scaling behaviour of the density of har-
monic oscillations at low frequencies. More precisely, de-
noting by ������� the density of modes with frequency � ,
then �������
	��
������ (1)

for ����� . The spectral dimension is the natural exten-
sion of the Euclidean dimension

�
to non ordered struc-

tures, indeed, it coincides with
�

in the case of lattices,
but in general, can assume non-integer values between �
and � . The spectral dimension provides a useful measure
of the effective connectedness of geometrical structures at
large scales, because large values of

��
correspond to high

topological connectedness.

The GNM generally describes proteins as elastic net-
works, whose nodes are the positions of the alpha-carbons
(C � ) in the native structure and the interactions between
nodes are assimilated to harmonic springs. The informa-
tion required to implement this model is the knowledge of
the native structure only. Two parameters are introduced,
the spring constant � and the interaction cutoff ��� , which,
however turn out to be related whenever the model is ap-
plied to fit experimental data. The GNM for a chain of �
amino acids (residues), is defined by the quadratic Hamil-
tonian

� �"!#%$'&)($*,+.- � * #/$1032 $40 �6587 $:9 587 0 � ( (2)

the first term is the kinetic energy of the system, ; $ and587 $ indicating the equilibrium position and the displace-
ment with respect to ; $ of the < -th C � atoms. The model
is eventually defined by the contact matrix

2
with entries:2 $10 � � if the distance = ; $ 9 ; 0 = between two C � ’s, in

the native conformation, is below the cutoff ��� , while is� otherwise.
The model is exactly solved by a direct diagonaliza-

tion the matrix > $10 � 9 2 $10 - 5 $10@? ACBD $ 2 $ A (known as
Kirchhoff or valency-adjacency matrix). The protein vi-
brational spectrum in the GNM approximation is the set
of frequencies � $ �FE ��G $ where G $ is the < -th eigenvalue
of > . Debye-Waller factors or H -factors, measuring the
thermal fluctuations of residues around their native posi-
tions, are easily computed in the GNM via the formula

H $ �JIK� �MLON (QPSR I� T > ���VU
$W$

where T > ��� U
$W$

indicates the diagonals entries of the in-
verse > matrix. The H $ ’s parameters are crucial because
are used to fit the experimental H -factors from X-ray crys-
tallography. This fitting connects GNM-theory to experi-
ments and allows to make an optimal adjustments of both
the cutoff �X� and the spring stiffness � .

The oscillating protein has to be considered in thermal
equilibrium with its environment which we describe as a
thermal bath at temperature I . The thermal average of
the observables are calculated via the usual Boltzmann
weight with the quadratic Hamiltonian (2) and amounts
to performing Gaussian integration over the degrees of
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freedom. In particular the mean square displacement
of Y � from their native positions is defined by Z6[ (8\ ��8]^� ? $ Z_= 587 $ = (`\ reads

Z6[ ( \ � �� #a$ P R I�b� ($ � P R I� c3dfehg/idje:kml � �on �J���� ( (3)

where, PjR is the Boltzmann constant. Through the den-
sity of modes, the sum over the eigenvalues is replaced by
an integral in � between the smallest �qp $Wr and the largest�@p $Wr frequency. The value of the integral (3), in the large� limit, is dominated by the behavior of the spectral den-
sity at low eigenvalues ( �s	t� p $Wr ). Since, for large � ,� p $Wr can be shown to scale as � p $mr 	u� � (Vv �� we ob-
tain, the following asymptotic behaviour: ZJ[ (8\ 	 const, if��xw *

, while for
��xy *
ZJ[ ( \ 	 PjR I� � (zv ��`���){ (4)

therefore ZJ[ (8\ grows with the size � . For long proteins,
the spectral dimension characterizes the scaling of ther-
mal fluctuations with the number of residues. The rele-
vance of

��
in connection with the anomalous density of

vibrational modes in proteins has also been considered
in refs.[19, 20]. The relationship (4) establishes a rather
strong constraint between the spectral dimension and the
maximum size � p}|�~ of a protein can afford. Since, the
stability is supposed to fail when the fluctuation ZJ[ (,\ � vz(
becomes of the same order of magnitude of the mean dis-
tance between non consecutive amino acids (about � Å),
one can assume that* �� � � - ��W� �6� p}|�~ � { (5)

The constant � depends on the mean amino acid spacing,
on the spring elastic constant � and temperature I . How-
ever, this dependence is expected to be very weak (i.e.
only logarithmic) and this allows for a comparison of dif-
ferent proteins without the computation of the specific pa-
rameters.

This poses an intriguing question concerning proteins.
Indeed, to exploit their biological function proteins must
keep a specified geometrical and topological arrangement
and cannot afford any, even partial, geometrical large
scale fluctuations as it happens, instead, to swollen poly-
mers in a good solvent. This makes the thermodynamical
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Figure 1: Comparison between experimental B-factors
and mean square fluctuations of C � by GNM, for the
structures for the protein 3PTE. Heavy solid line refers to
crystallographic data, while dashed line refers to GNM-
theory.

stability problems of crucial importance and suggests a
possible correlation between the spectral dimension and
the length of protein chains. It should be stressed, how-
ever, that equation (5), being based uniquely on thermo-
dynamics stability, can be actually regarded as an upper
bound prediction only.

We performed GNM harmonic analysis over the dataset
of protein native structures, with length ranging from�`�S� to �j�S�j� residues (Tab.1), downloaded from the
Brookheaven Protein Data Bank . The purpose is showing
that the correlation predicted by expression (4) exists be-
tween the spectral dimension of protein native structures
and their length. The value of the interaction cutoff for
generating the contact matrix

2
has been set to � � � � ˚

�
,

as customary in such kind of studies. However since this
choice affects the overall GNM performance, we tested
through the correlation coefficient n between experimen-
tal and theoretical B-factors [17]. Our dataset contains
only those protein structures with a coefficient n greater
than 4.7 (see last column of Table 2) this should, in prin-
ciple, ensure that GNM correctly reproduces C � fluctua-
tions for each selected protein. The typical agreement be-
tween B-factors from GNM and crystallography is shown
in figure 1.
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Figure 2: Log-log plot of GNM-harmonic spectrum
referred to three proteins with different sizes, 1IQQ
(N=200), 1KCW (N=1017) and 1K83 (N=3494). On ver-
tical axis, we report the cumulated distribution �x�J��� of
vibrational modes. Low frequencies regions clearly ex-
hibit a power-law behaviour, and dashed lines indicates
the best-fits of the power-law whose exponent is the spec-
tral dimension.

The optimal value of the spring constant � for each pro-
tein was obtained through a least-square fitting to the ex-
perimental B-factors expressed by formulaP R I� � �LSN (

? $ H $6�x$? $ H ($ (6)

The values of PjR I}]8� , besides being an essential ingredi-
ent for the real application of GNM method, are also an
indication of the protein global flexibility and allows for a
direct comparison among all the considered structure.

The spectral dimension
��

was estimated via a power-
law fitting of the low frequency behaviour of the cu-
mulated density of modes �x�J��� , namely the integral of������� , which at small arguments, is expected to scale as�x������	u� �� . The GNM vibrational spectrum, for three
proteins with sizes, small, medium and large, is plotted
in figure 2; the low-frequency regions clearly exhibit the
power law behavior whose exponent is the spectral di-
mension

��
. Our statistical analysis for the whole dataset

of proteins is summarized in Table 2, where we report,
the chain length, the spectral dimension, the estimate for

�^�O�q�m�C��� �_���C�J��� � �����8��� ���¡ 1 1��¢ £¤6¥8¦8§ ¨�©Jª ¨ £ «�¬ ¨ £ «¡­6® © £ ª ® ª¨ ��¯,� ¨ ­J° ¨ £ ­6« © £ ° ¤ ¬ © £ « ¤6±¨�²f¨ ¬ ¨ «¡® ¨ £ ±¡¤ © £ ® ¤ ° © £ ­ ±Jª¨�³8´µ´ ¨ ® ª ¨ £ ® ¨ © £ ©6© ° © £ ®¡¬ ©ª�² � ¥ ¨�± ­ ¨ £ ®6° © £ ©6©C¨ © £ ® ¨6¨¨�¶S¦ � ¨�± « ¨ £ ±¡± ¨ £ ¨�©Jª © £ « ¤6¤¨ �`·O¸ ¨�¤ ® ¨ £ ± « © £ ¤C¨Wª © £ ®6° ¨¨W¹1ºSº ¬ ©6© ¨ £ ±6ª © £ ª¡±6© © £ «�¬J«¬ ³z»S¼ ¬ ¨Wª ¨ £ ± « © £ ­J° ¤ © £ ®¡®J°¨�³8½ ­ ¬¡¬J° ¨ £ ¤ ° © £ ¤ ­6¬ © £ ­6° ¨¨ �V¸ § ¬6° ¤ ¨ £ ®¡® © £ ¤6± ¬ © £ « ª ®¨�³8© « ¬¡® ¤ ¨ £ ® ± ¬�£ ¨�±Jª © £ «�¬J°¨�¦8³,¥ ¬ ±6¤ ¨ £ ±¾¨ © £ « © ¬ © £ « ¤ «¨�³Qª�± ¬ ¤6± ¨ £ ®¡¬ © £ «6« ª © £ ­ ª¡¤¨�³ ° ¼ ° ©6© ¨ £ ¤¡© © £ ® ¨�¤ © £ ­¡­J°¨ ¸��Q� ° ©6¤ ¨ £ ® ª © £ « ª¾¨ © £ ®¡­6®¨�³ ­¡¿ ° ¨ ¬ ¨ £ ® ª ¬�£ ¨6¨6¨ © £ ­¡® ª¨�³S¨ ¸ ° ¨ ° ¨ £ ±¡¤ ¨ £ © « ± © £ « ©6©¨�³ �S¸ ° ¨ ­ ¨ £ ® ¤ © £ ­ ©6© © £ « ± ®¨�³Qª�© °�¬ ¨ ¨ £ ¤¡© © £ ­6¬ ª © £ ­ ª «¨�³ ­ ª °�¬ ¨ ¨ £ ± « © £ « ©C¨ © £ ­ ¨ «¨�³8©6¹ °¡°¡¬ ¨ £ ® ¨ ¨ £ ¨�©6¤ © £ ± ¬J«°6� §Q½ ° ª ® ¨ £ ® ¤ © £ °6«6« © £ ±6ª¡©¨�³ ¬6« °�­ ¨ ¨ £ ± ¬ ¨ £ °6« ¤ © £ «¡°¡­¨ ��¯,À °¡« © ¨ £ ± ® © £ «¡­6¬ © £ «¡° ¤±6Á �QÀ °¡« © ¨ £ ¤6ª ¨ £ ¬ ¤ ° © £ « © ®®6ÂO�O� ° ± ® ¨ £ ¤ ¬ © £ ± ­ ¤ © £ «�¬ ©¨ Â » � ° ¤6¤ ¨ £ ¤ ° ¨ £ © ­J« © £ « ¤ ®¨�³ ° ¤ ª�©C¨ ¨ £ ¤ ® ¨ £ ¨6¨ ° © £ «�­J«¨ «6� ¶ ªÃ¨ ­ ¨ £ ± ¬ © £ «6° © © £ ­ ¤6©

�^�O�q�m�C��� �_���C�J��� � ���^�Q��� ���¡ 1 1��¢ £¨ � »,ª ª6ªÃ¨ ¨ £ ±¡± © £ ® ± ­ © £ « ¨�ª¨ �`· ± ª6ª « ¨ £ ¤ ­ © £ ± ­ ¤ © £ «6°�¬¨�³ �Q­ ª¡± ° ¨ £ ± ® ¨ £ ©¡¤C¨ © £ ® ©¡¤¨ � ³8´ ª¡±6ª ¨ £ ¤ ® © £ ª�±6± © £ ­ ± °¨ �`��· ª¡¤ ­ ¨ £ ¤ ¬ © £ «�¬ © © £ ®6¬ ¤°¡�QÂQÄ ­ ©¡© ¨ £ ¤ ¬ © £ ª�¤C¨ © £ «¡® ©¨�³ «�­ ­ ©6ª ¬C£ ©¡¤ ¨ £ ©6ª ¬ © £ « © «¨ ¸CÂ ´ ­6¬ ± ¬C£ ©¡© ¨ £ ­ ± ­ © £ «¡­6°¨�½ ° º ­J°�¬ ¨ £ ¤ ® ¨ £ ­¡®6® © £ «¡¬6°¨ � ¥ � ­J° ª ¬C£ ©¡© © £ ¤ « ¤ © £ «¡­¡¬¨�³8¶S¦ ­ ª ® ¨ £ ± ® ¨ £ ®6°¡® © £ «6«�®¨ �`ÅV° ­ ±¾¨ ¬C£ ©¾¨ ¨ £ ¨ ­ ª © £ «6° ¤¨�½ Ä ¨ « © ¬ ¬C£ ©¾¨ ¨ £ ¨�¤ ° © £ ­ ¤¡±¨�³S¨�ª « ¨ ¬ ¬C£ ¨�© © £ ± «¡­ © £ ­6¬ ª¨�´ ¿_­ «¡¬¡¬ ¬C£ © ¬ © £ ®¡­ © © £ ® © ­¨ �`� ± «¡® ª ¨ £ ¤ ¬ ¨ £ ¨ « ª © £ «6° ©¨�¼8´ · «¡® ª ¨ £ ¤ ¬ © £ ¤¡© ® © £ « ±6ª¨�³Qª ® « ± ° ¬C£ © ¬ © £ « ª « © £ ­6¬ ¤¨ �`� ² « ± « ¨ £ ¤¡± ¨ £ © ® ª © £ ­ ¤ °¨ � ´µ§ « ¤ « ¨ £ ¤ « ¨ £ ¬ ©Jª © £ ­J°¡«¨�³QªC² ® ±¡© ¨ £ ¤¡± © £ ­ ¤C¨ © £ ­J«�®¨�¼8§`» ¨�©¾¨Wª ¬C£ © ® © £ « ª « © £ ®J«¡«¨�¶ ��À ¨�©¾¨ ® ¬C£ © ­ ¬�£ ¨ ° © © £ «6° ±³ ��� ¨ ¨�© ¬ ¨ ¨ £ ¤ ° © £ ±¡© ­ © £ ­6®6«¨�¶S½�¶ ¬ ª «¡¬ ¬C£ © ® ¨ £ ¬6«6° © £ ®J° ©¨ � © � ¬ ª «¡¬ ¬C£ ©¡± © £ ° ¨�¤ © £ ±C¨�©¨�¶S± ° ° ª�¤Jª ¬C£ ©¾¨ ¬�£ © ° © © £ «¡­ ¤¨W¹ ° º °¡­ ª ¬ ¨ £ ¤ ® ¬�£ ª °¡­ © £ ®6­ ±¨W¹ ­ © °¡­¡­ ± ¨ £ ¤¡± ¬�£ ¬6°6« © £ ® ©¾¨Æ Æ Æ Æ Æ
Table 1: Dataset of processed proteins. PDB identifier,
length, spectral dimension

�
, P R IÇ]Q� , correlation between

theoretical and experimental B-factors.

P R I}]8� , and finally the correlation coefficient.

Figure 3 verifies the prediction drawn form the thermo-
dynamical stability argument and shows the final result of
our analysis. We plot the quantity

* ] � versus �,] �W� �6�È�
as suggested by relation (5): indeed, if Eq. (5) holds, we
should obtain a straight line crossing the y-axis at � for
zero abscissa. The error bars cover both the uncertainty
due to the fitting procedure and the possible inadequacy
(measured by n ) of the GNM in reproducing experimen-
tal B-factors. Our data are well fitted by a straight line,

4



0.12 0.14 0.16 0.18 0.20 0.22
1/ln(N)

0.8

0.9

1.0

1.1

1.2

1.3
2/

d 

R
0
 = 7 Ang.

Figure 3: Linear plot showing the dependence of the spec-
tral dimension on protein size. The dashed line, indicating
the behaviour 7, is a best fit with a correlation coefficient� { �,� .
but, with an offset with respect to the equation (5)* �� �ÊÉ - ��W� �6�Ë� { (7)

The best-fit values of the parameters are
ÉÌ� � { �S� , � �* { �a� , with a correlation coefficient � { �,� .

3 Conclusions

We applied the Gaussian Network Model (GNM) to in-
vestigate the influence of native state topology on thermo-
dynamical stability for a set of folded proteins with sizes
ranging from 100 to 3600. The employ of GNM is jus-
tified from the fact that such a model correctly accounts
for the topological features of the native protein confor-
mations. Our results show that the spectral dimension

��
,

which is sensitive to the large scale topology of a geomet-
rical structure, is a parameter controlling the low-energy
fluctuations of a given protein structure. Then an insta-
bility criterion for proteins under thermal fluctuations can
be derived through topological considerations only. This
criterion, analogous of Peierls’ argument developed for
ordered crystalline structures, easily predicts a non-trivial
logarithmic dependence of the spectral dimension on the
length of proteins. We verified that, in the GNM approxi-
mation, such a logarithmic dependence is really observed,

within statistical and systematic errors, for the whole set
of selected proteins. The result expressed by Eq. (7) is in
agreement with the upper bound (Eq. (5)), supporting the
relevance of topological thermal instability in constrain-
ing the protein geometry. Notice that not only the up-
per bound is satisfied, but the experimental points lie on a
straight line parallel to the upper bound one Eq. (5). This
suggests a more fundamental role of topological stability:
in some sense, a native state tends to arrange in a geomet-
rical structure with the largest

��
compatible to its length

and stability constraints. In other words, for any fixed
length, it tends to the most swollen state which remains
stable with respect to thermal fluctuations.
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